Jlexnusa 13.
MeTtoapl uHTerpupoBanusa. Onpee/IeHHbIA HHTETPAJ KaK mpeaest

HHTErpajJibHbIX cyMM. UTHTerpupyemocts pyHkuu. 'eomerpuyeckuii u
MeXaHHYECKHI CMBICJ OIIPeAeIEHHOrO nHTerpaaa. ®opmyJia
Hprorona-JIennoHuna.

Teopema (06 MHTETPUPOBAHUI 3aMEHOI TIEPEMEHHOI ).

[lycts dyukmsa ¢ nuddepeHnupyeMa Ha TPOMEXYTKe [; 1 B3aMMHO OIHO3HAYHO OTOOpa-
KALT ero Ha nNpoMexxyTok Iy , mpuuem ¢'(t) # 0 mus mo6oro ¢ € I;. Ilycrs, nanee, GyHKust
f ompenenena vHa I, . Torma, eciin Ha mpomexkyTre [

[ rewye i =ru+c.

[t = Pio
roe p~(x) - dyrkous, obpaTHas K GyHkmmn ot ( ﬁ@‘

Teopema (06 UHTErPUPOBAHUE IIOACTAHOBKOI).

[lycre pynknuun @ u f ompeneiieHbBl COOTBETCTBEHHO Ha MpoMexyTkax [; u I, ¢
muddepennupyema Ha [ , mpudem () € I, mma moboro r € I . Iycers mamnee

TO Ha IIPOMEXKYTKE IQ

ff(u)du =F(u)+C

Ha npomexyTke [o. Torna

[ #et@)é @)z = Fota)) + €

HA IPOMEXKYTKe [.
Teopema (06 HHTErPUPOBAHUIL IIO JACTIM).

!
[ycers Gyuakimun v 1 v aaddepeHRnupyeMbr Ha IPOMEKyYTKe I u pyuxnua w -v HMeeT
HA 9TOM IPOMEKYTKE TepPBOOOPasHYIO. Torna

!
fu dr=u-v— f’u -vdz.

SBamumeM TpaBmiio nuddepeHnupoBannsd IPON3BENCHI:

TokazaTeabCTBO.

(u-v) =v'v+uv'

/u' cvdr = /((m;)' — uv)dz = uv — /u -v'd.

Teopema JOKa3aHa.

Orciona



Kadenpa «MaTemaTuueckoe MOOEJINPOBAHUES
npod. II. JI. UBankoB

NuTerpanel u nudpdepeHInnaibHbie YPAaBHEHU

OmnpeneneHnuplil MHTErpaja Kak Ipenejl MHTErPAIbHBIX cyMM. Teopema
06 MHTErpUPyEeMOCTH KyCOYHO-HEIPEPHIBHON GyHKIMN (6€3 moKa3aTelb-
crBa). [eomerpuueckas wWHTEpIpeTaNus ONPENETIeHHONO WHTErpaa.
OcHOBHBIE CBOMCTBa OIpENeIEHHOTO mHTerpaia. TeopeMmbl 06 OlEHKE U
O CpenHeM 3HA4YeHUU.

Muox)ecTBO TOUEK a = xg < T < ... < X, = b Ha3bIBaeTCs pasbuenuem orpeska [a, b] ;
oTpeskn [x;_1, ¥;], @ = 1,...,n, Ha3BIBAIOTCS OTPe3KAMU Da30MeHUs; IJINHA {—T0 OTPE3Ka
pasbuenust obosHauaercs Axz; T.e. Awx; = x; — v, ; ancno A7) = max Ax; Ha3bIBaeTCs

(2

ouaMeTpoOM pa3OueHus.

[Iycts Ha orpeske |a, b] 3amana dymkuums f(z) . Beibepem mpomsBonbHO TOUKH §; €
[z;_1, x;], ©=1,...,n, U cocTaBUM CyMMy

o(r) = Zf(@-)mi,

KOTOpasi HA3bIBAETCs MHTErpabHON cymMMont dyukimu f(x) , oTBevatomieil pasbueHuo 7 u
Toukam &, ...,&,, BBIOPAHHBIM Ha OTpe3Kax pasbuenus. lIpenen uHTErpasbHBIX CymMM o(T)
mpu ycaoBuu, 9To auaMeTp pasbuenus A(7) — 0, Ha3BIBAETCs OMPENEICHHBIM HHTETPAJIOM
or ¢dyukuum f(z) mo orpesky [a,b] . DroT mpenen ( eciam OH CYIIECTBYET U HE 3aBUCHT OT

BLIOOpA TOUEK &; ) 0603HAYALTCS
b
| i,

B KOTOPDOM a ¥ b Ha3LIBAIOTCS COOTBETCTBEHHO HIDKHWUM W BEPXHHUM ITPENE/IaMU HHTETPHPO-
BaHWsA. Bojee TOUHO ompenesnenue Ipeneta MHTErPATBLHBIX CyMM BBITJISOUT Tak.

Yucno [ Ha3bIBaeTCs MpENesioM MHTErPalbHbIX cyMM o(7) mpu A(7) — 0, ecnu muis
moboro & > 0 cymecrByer uncio 6 = §(e) > 0 Takoe, 4To mis a060r0 pasbueHus T
st Kotoporo  A(7) < 0 mpm a060M BBIGOPE TOUEK HA OTPE3Kax pasOUeHUs BBIIOIHAETCSE
HEPaBEHCTBO

I —o(7)| <e.

D10 XKe ompemesieHne, Kak U B CIydae mpeneiaa QYHKINN, MOXKHO 3aIlicaTh U Ha S3BIKE TOCIIe-
OOBaTEILHOCTEN.



IIpumepur.
1. Ilycrs f(z) =C wua orpeske [a,b]. Torma

o(r) = Z f&)Az; = CZ(xi — ;1) = C(b—a).

Mu1 BuouM, 9TO B HAHHOM CJIydae MWHTErpajbHbIe CYMMBI HEe 3aBUCIT OT Crocoba pa3bueHus
oTpe3Ka u BEI6Opa TOUeK Ha oTpe3kax pasbuenus. [losTomy mpemen Takux cymMm (IIpU yCiIoBUN,
yTO nuamMerp pasbueHus cTpeMuTcs K Hymo) pased C(b — a) ; 5TOMy XKe UHCIY paBeH U

COOTBETCTBYIOLINN NHTETPaJI:
b

/Cd;l: =C(b—a).

a

b

2. Mycrs f(x) = ¢ wa orpeske [a,b] . MoXHO mOKa3aTh, YTO MHTETPAI / xdx cy-

a
IIeCTBYET. HOBTOMY openeili THTEerpaJIbHbIX CYMM HE€ 3aBUCUT OT BI)I60pa TOYEK Ha OTpPe3Kax

pa30ueHus, u , CJIeNOBATE/IBHO, TAHHBII NHTErPaJl paBeH Ipenesly MOIyCyMMBI IBYX NHTETr PAIb-
HBIX CYMM:

1 1 9 2 y_ Llpgo oo
5 in,lei—i-ZmiAxi —52(:@ _$i71)—§(b —a”).

OTcronma sicHO, 9TO

3. Paccmorpum dyukmuio [upuxite

(z) 1, ecaum x paluoHAIBLHO
€T =
X 0, ecnu x uUpPpPAIMOHAJIBHO.

s moboro orpeska [a,b] u mis m060ro ero pasbueHust T , BEIOPAB BCe TOUKM HA OTPE3KAX
paszOueHus paloOHAILHBIME, TIOJTYYUM, KaK U BBIIIIE, YTO

O’(T):Zl'Ain:b—a.
i=1

BribpaB ykazaHHBIE TOUKU UPPAINOHATILHBIMUI, TOJIYIIM,ITO

o(r) = ZO - Az; = 0.
i=1

HeTpynuo mpoBepuTs, 4To TeopeMa O ¢OIMHCTBEHHOCTH Ipenesia CIpaBed/InBa U I IIPeIesioB
MHTErpaidbHex cyMM. [losTomy mis GyHkmmm Jupuxie nHTerpajbHbIe CyMMBI He IMEIOT Ipe-
nena (mpu A(7) — 0 ), u 5Ta GYHKIUSA HEHHTErPUPyeMa.

B cBs31 ¢ TOCACOHUM IPUMEPOM BO3ZHHKAET BOIPOC 00 YCIOBUSAX MHTETPUPYEMOCTU (DyHKITUN.

Teopema (0 HEOOXOAMMOM YCIIOBUU MHTEIPUPYEMOCTH (DYHKIIIN).
Ecnu dyHKums uaTErppyemMa Ha OTPe3Ke, TO OHA OrpaHudeHa (Ha HTOM OTPe3Ke).
B c¢Bsa3u ¢ 90 Teopemoit (Ha MOKa3aTeIbCTBO KOTOPOIl Y HAC HET BPEMEHM) 3aMETHUM, UTO Ofl-
HOI JTUIITb OTPAHUYEHHOCTH €Ille HEIOCTATOYHO [JIsl MHTETPUPYEMOCTH (PYHKIINH - B TOM MOYXKHO



ybenuThbea Ha npumepe Gy Jupuxie.
[Iycts cHOBa mMeercst dyukuus f(z) , ompemenenHast Ha oTpe3ke [a,b] . DrTa QyHKIMS HA3BI-
BAETCs KyCOUYHO-HEIPEPBLIBHON Ha 3TOM OTPE3Ke, eCIU CYIIECTBYeT pasOueHme

a=xg<r1<..<x,=0b

Takoe, 4To f(r) HempepbIBHA Ha KAXKIOM WHTepBajie (T;_1, T;) , U OPU DTOM CYIIECTBYIOT

KOHEUHBIE OMHOCTOpOHHUE mpemensl  lim f(x) uw lim f(z), i=1,2,...,n.
z—x;—1+0 z—x;—0

Nupivu croBamu, dyukims f(r) HempepblBHA BO BCEX TOYKAX OTPe3Ka [a,b] 3a mckimode-
HreM, OBITH MOXKET, KOHEYHOIO JYHCIIa TOYEK, B KOTOPBIX f(x) mmeeT paspwiBel 1-ro poma. B
JaCTHOCTHU, HETPEPBIBHAA HA OTpPe3Ke [a,b] (DyHKIWMS KyCOYHO- HEMpephIBHA Ha 5TOM OTPE3Ke.

Teopema (06 MHTErPUPYEMOCTHU KYCOYHO-HEMPEPLIBHON (DYHKIINM).
Ecnu @yHKINS KyCcOYHO-HEIIpepBIBHA Ha HEKOTOPOM OTPE3Ke, TO OHA MHTErPUPYeMa Ha 3TOM
OTPE3Ke.
DTy Teopemy npuHIMaeM 6e3 IOKa3aTelbCTBa. VI3 Hee cllemyeT, 9To HeImpephIBHAS HA OTPe3Ke
byHKIMA uHTErpupyeMa (Ha 5TOM OTpe3Ke). 3aMeTHM eIlle, UYTO KyCOYHAas HEIpPEPLIBHOCTH
(YHKIINM He BJISeTCS HCOOXOMMMBIM YCJIOBUEM MHTErPUPYEMOCTH.
PaccMOoTpuM reoMeTprIYecKy o HHTepIpeTalnio OIPeNeIeHHOro nHTerpaia. IlycTh mana reoMe-
Tpudeckas QUrypa, orpaHUYeHHas: CBeepXy I'paduKoM HEIPEPBIBHON HEOTPUIATEITHHON (yHK-
mun  f(x) , ¢ GOKOB OTpe3KaMy BEPTUKAJBHBIX NPAMBIX & = @ U & = b U CHU3Y OTPE3KOM
[a,b] ocu abcrmce. Takas Gurypa HasbBaeTCs KPUBOIMHENHON Tpamermeit (puc. 1).

Ya

>

a=xy Xy X9 A3 A4 b:x5

Puc. 1

Beraucnum nnomans S kpuBosumHenHON Tpamenuu. s 5Toro Bo3bMeM paszbueHue a =
rg < 1 < .. < x, = b wHa orpe3ke [a,b] wu BbbepeM Ha OTpe3Ke [T; 1, ;| TOUKH
& m 1; , B KOTOPBIX IOCTUTAETCS COOTBETCTBEHHO MUHUMAJIBHOE U MAKCHMAaJIbLHOE 3HAUEHUS
HEIPEePBIBHOI Ha 5ToM oTpeske pyukuuu f(z); i =1,2,...,n. O6o3uauuB uepes S; MIOMIAIL
KPUBOJIMHEMHON TPAIENUN, OTBEUAIOIIell N3MEHEHUI0 I Ha OTPe3Ke [T; 1,T;] , 3amuimeM
OUEBUIHOE HEPABEHCTBO

f(&)Ar; < S < f(m)Aw;.
[Ipocymmupyem Takme HepaBerncTBa mo ¢ = 1,2,...,n. T.k. 2?71 S;,=S5, To

n

Zf(&)ﬁxi < S < Zf(m)Axi.
=1

i=1

3



[Tockonbky HenmpepbIBHAS QYHKINS NHTETPUPYEMA,TO IIPU CTPEMJICHIN THaMeTpa pPa3dbueHms K
HYJIIO TIOJIy49aeM OTCIONa, 94TO

/bf(x)d:v < S < /bf(:v)dx.

b
Crnenosarensro, S = [ f(z)dz. T.o., mETerpan; 0T HEOTPULATEIBLHON HENPEPLIBHON (yHKIUI

a
paBeH IJIOIIAAN COOTBETCTBYIOIIEN KPUBOJIMHENHON TPATIEIINN.

PaccMoTpuM OCHOBHBIE CBOMCTBA OIPENENIEHHOTO MHTErpasia.

1. Jlumeisocts. ITycrs dyukimun fi(z) u fo(r) mHTErpUpyeMbl HA OTpeske [a,b] , u mycTh
Q) U (i - TIPOU3BOJIbHBIE BeIleCTBeHHBIE unciaa. Torma dyukmus o fi(z) + asfo(x) Takxke
uHTErpupyema Ha |a,b| , u

b

/ (anfo(@) + asfo(x))dz = o /b fu(@)dz + as /b folw)dz.

a

Hﬂﬂ JOOKa3aTEJIbCTBa 3allUIIIEM OYE€BUOHOE PABEHCTBO OJIA MHTETPAJIbHBIX CyMM:!:

n

Z(Oé1f1 (&) + azfa(&i)Ary = ay Z fi1(&)Ax; + Z fo(&i)Aw;.

i=1

[Mepexons 3meck K mpenery npu  A(1) — 0, momydaem Tpebyemoe. 3aMeTUM, UTO IPOCTO
COCTIATBCS HA M3BECTHLIE TEOPEMbI U3 TEOPUU IIPENESIOB MBI 3[€Ch HE MOXKEM, T.K. IOHITHE
npezena WHTErPAILHBIX CyMM He CBOOUTCS HEMOCPENCTBEHHO K MOHATHUIO Ipenena (yHKIUN.
[Ipu 605ee MOTPOOHOM M3JTOKEHUN CJIEMOBAJIO OBl PACCMOTPETH HECKOJIBKO TEOPEM O CBOMCTBAX
IPELIENIOB MHTErpabHEIX cyMM (mpu A(7) — 0).

2. Anmurtusnoctb. IlycTs dymkius f(z) uaTerpmpyema Ha oTpeskax |a,c| u [¢,b] . Torma
OHA MHTErpupyeMa u Ha OTpeske [a,b| , mpuuem

/b fla)da = / fla)dz + /b f(a)da.

Hoxazameavcmeo. Wurerpupyemocts Gyukuun f(x) Ha oTpeske [a,b] odeBumHa B ciryuae
KyCOYHO-HEIIPEPBLIBHON (PYHKINNU; B OOIIEM CIydae OCTaBIsAeM 5TOT (akKT 0e3 IOKa3aTelIbCTBA.
[Mockoneky f(x) wumTerpupyema Ha [a,b] , TO OpU COCTABIEHNN UHTETPAIBHON CyMMBI JIs
MHTErpaJsa u3 jJeBOi 9acTU JOKA3BIBAEMOIO PABEHCTBA MOXKHO CUYATATh, YTO COOTBETCTBYIOIICE
pazbuenne a =) < 1 < ... < Tp=c=Y <Y < ... < Yy = b comepxut Touky c . Torma
cyMMa

Z f(&)Az; + Z J(n;)Ay;
i=1 J=1
b

OyzmeT MHTerpasbHOM cyMMol muist narerpana [ f(z)dr u OXHOBPeMEHHO CyMMOIl HHTErDAIb-
a

c b
HBIX CyMM miist uTerpanos [ f(x)de u [ f(z)dz.
a Cc

I[Toce mepexona x npenerny npu maxr Az; — 0 n  max Ay; — 0 nomyunm Tpebyemoe.
MoxHO moKa3aThb, UTO Ha CAMOM [eJie ONMPENeJICHHBIN MHTErPasl SIBISETCS aIIUTUBHON (yHK-
el OpUeHTUPOBAHHOTO TpoMexyTKa. s Toro, 9Todb chopMyImpoBaTh COOTBETCTBYIOIIIEE

4



CBOWCTBO, PACIPOCTPAHUM IOHSITUE OMPENESICHHOrO MHTEerpaja Ha ciydait a > b (T.e. Ha
cityuail, KOrna HUXKHUIM Tpeer NHTerPUPOBAHUS GOJIbIIe BEPXHET0) ¢ MOMOIIBI0 PABEHCTBA

b

/ f(x)dr = — / f(z)da;
b

a

npu a = b OymeM cuuTaTb, UTO
b
/ f(z)dx = 0.

[Ipu Taxom 0OOOIIIEHUN TIOHSATHS WHTETPajia CIPABEIJIMBO CJIEMYIOIIee YTBEPXKICHNE.
Ecmu ¢dyukuust f(x) wunTerpumpyema na orpeske [ , m eciu a,b,¢ — TPOU3BOIIBHBIE TOUKK

29TOTrO OTp€3Ka, TO
b c b
/ f(@)dz = / f(x)dz + / f(x)d,

IpuYeM, pa3yMeeTcsl, BCe HAIMCAHHBIC MHTErPAJIBl CyIIECTBYIOT.
s moKasaTenbCTBa CIIedyeT PacCMOTPETH BCE BO3MOXKHBIC CIIydal PACIONOXKEHUS TOYEK d, b,
¢ Ha oTpe3ke [ (mpu 5TOM, ecim Cpenu TOYeK a,b, ¢ eCThb COBIAMAOIINE, TO MOIyIaeTCsI 06~
BIIHOE PABEHCTBO, 4 €CJIM BCE 3TU TOYKN PA3INYHLI, TO JOKA3LIBAEMOE PABEHCTBO OUCBUIHEIM
obpa3zoM cliemyeT W3 YCTAHOBJIEHHOT'O BBIIIE CBONCTBa ~ OOBIYHON AOAUTUBHOCTHU OIIPENeIeH-
HOT'O UHTErpasa,).

3. Wurerpuposanue vepasencts. Ilycts dyuxkuun fi(z) wu  fo(x) umHTErpupyeMbr Ha OT-
peske [a,b] , m mMycTb B KaX[IOll TOYKE X HTOTO OTPE3KA BBIIOIHAETCS HEPABeHCTBO f1(z) <
fo(x). Torma

/bfl(l“)dx < /bfa(fr)dl"- (%)

HJI?I OJOKa3aTeJIbCTBa, KaK O6bI‘IHO, 3allUIIeM COOTBETCTBYIOIIEE COOTHOIICHUE /I MHTET PAJlb-
HBIX CyMM:

Zﬁ(&)mi < Z Fa&) A,

I[lepexonst 3mech K Ipemeny, MOy IuM Tpebyemoe.
Eciu va orpeske [a,b] BBIIOIHAETCS HEPABEHCTBO

m < f(z) < M,

To u3 (*) cremyer, uTo
b
m(b—a) < /f(a:)dw < M(b—a).

4. HepaBeHCTBO Wi abCOTIOTHBIX BeuuuH. IlycTh dyukius f(x) wuwHTErpupyeMa Ha OT-
peske [a,b] . Torma dyuxuus |f(x)| Taxxke mHTerpmpyema Ha 3TOM OTDE3Ke, U

b

[ e < / f(@)\de. (+4)

a



dakT waTerpupyemoctun ¢yukuun |f(x)| HETpymHO HOKa3aTh I KYCOYHO-HEIPEPBIBHOM
byuxuun  f(x) ; B obiieM ciyuae OpuHEMaeM 5TO 6e3 MOKAa3aTelbCTBa. SalldIleM OUYeBHI-
HOE HEPABEHCTBO VI MHTErPAJIBHBIX CYMM:

D fE)AT| < D If(&)| A,
i=1 i=1

[Tepexoms k mpemesty mpu CTPEMJIEHUN K HYJIIO quaMeTpa pas3buenus, noiydaeM Tpebyemoe.
BamernM, uro (**) MOXKHO 0600LIMTE U Ha CIydail @ > b ; B 9TOM CiIydae COOTBETCTBYIOIIEe
HEPABEHCTBO MPUOOPETAET BULL:

/bf(f)dév < /blf(l“)ldw

PaccmoTpuM errie Teopemy o cpemHeM ISl ONPENeIeHHOTO MHTerpada.

Teopema (o cpednem). Ilycts pyukuns f(x) mempepwiBHa Ha orpeske |a,b] . Torma
cymectByeT Touka & € [a,b] Takas, 4To

[ f@ds=1©)- 0.

Zoxazameavcmeo. T.x. f(r) mempepbiBHa Ha [a,b] , TO 5Ta GYHKIUS MOCTUTAET HA DTOM
OTPEe3Ke CBOEr0 HAUMEHBIIEro 3HaueHUs 1M U HauOOJBIIHTO 3HaueHUs M U IpUHEMAET Bce
sHaueHus u3 orpe3ka [m, M| . Iamee, u3 wepasenctBa m < f(z) < M momydaem, 9To

b
m(b—a) < /f(x)dx < M(b—a),

njm

m < 1 /f(x)dang.

[Mosromy cymectsyer uucio & € [a,b] Taxoe, 4To

16 = 5= [ S(oe

Otcioma merko cienyet Tpebyemoe. Teopema mokaszana.

[leoMeTpuaecKkuil CMBICT TOKA3AHHON TEOPEMBL 3aKJIIOUAETCS B TOM, U4TO Ha OTpe3ke [a, b]
HalmeTcs Touka & Takas, 9TO INIOMIAIb COOTBETCTBYIOIIEH KPUBOJIMHENHON Tpamelnn paBHa
IJIOLIAY TIPIMOYTOJIBHIKA ¢ OCHOBaHHEM b — a u BBICOTOI f(§) ; MpM 5TOM HMPENNOIaraeTcs,
yro f(x) HeorpumarenbHa Ha [a,b] (puc. 2).



Y

A8

Puc. 2



JdJexnus 20. OnpenesieHHBbI HHTErPaJI € NEPeMEHHbIM BePXHUM

npeaeoM. Boluucienne onpeaesieHHOr0 MHTErpaJia
1. Onpeodenennvtii unmezpa c nepemMeHHbIM 6EPXHUM NPEOeIOM

PaccMmoTpuM omnpeeneHHbld MHTErpail ¢ MOCTOSHHBIM HUKHUM TIPEIeIoM
UHTETPUPOBAHUS @ U TIEPEMEHHBIM BEPXHHM MpeeoM X € [a; b].

Onpenenenue 1. MaTerpan Buna

j F(Odt = d®),  x € [a;b],

HA3bIBACTCSI ONPEOEIeHHBIM UHMEZPAIOM C NEPEMEHHBIM 8EPXHUM NPedenom v
SBIIIETCS (PYHKIIMEN BEpXHETO Ipejiena X.

Haitnem mpousBoanyio ot ®(x) mo x, T. €. MPOU3BOAHYIO OMPEACICHHOIO
MHTErpajia o BEpXHEMY MpeIemy.

Teopema 1 (M. Bbappoy). [IpousBogHasi OmNpeneNeHHOr0 HWHTErpaia oOT
HenpepbslBHOW (QyHKIUK f(X) MO ero NepeMEHHOMY BEpXHEMYy TMpeneny X
CYLIECTBYET U paBHA MOJBIHTErpaIbHON (HYHKIIMHU, B KOTOPOW BMECTO MEepEeMEHHON

HHTCTPUPOBAHUA IIOJACTABJICHO 3HAYCHHUEC BEPXHETO IIPEACIIA:

!

o' (x) = j F@dt | = 0o,
I[OKaBaTCJIBCTBO.

Bossmem nmo0yto Touky x € [a; b] u npumaauMm el mpupaiieHue A X Tak,

1006l AXx € [a; b]. Torna

x+Ax X

AD(x) = P(x + Ax) — D(x) = f f®)dt — ff(t)dt.

HCHOJ’ILSy}I AJINTUBHOCTL OIIPECACICHHOIO HHTECTpaia, MMCEM

x+Ax xX+Ax

AD(x) =fxf(t)dt+ f f(t)dt—fxf(t)dt= j f(t)dt.



[Tpumensist TeopeMy O cpeHeM 3HaYeHUH (PYHKLIHUU Ha OTpe3Ke, MOTydaeM

xX+Ax

O(x + Ax) — D(x) = j f(t)dt = f(e)Ax, rae & € [x; x + Ax].

Ecmu Ax — 0, To x + Ax — x, § = x, u B cuiy HemnpepbiBHOCTH (pyHKIMU f(X) Ha

[a; b] umeem f (&) — f(x). 1o onpeneneHn o MPOU3BOIHOM

AD A
d'(x) = lim ) = lim f®)ax =
Ax—0 Ax Ax—0

lim f(§) = f(x). =
Ax—0
W3 TeopeMsl ciienyeT, 4To ONpENeICHHbI HHTErPal ¢ IEPEMEHHBIM BEPXHUM

X o 9
penesIom fa f(t)dt sBnsiercss nepBOOOPA3HON ISl MOABIHTETPATBHON (DYHKIIUH

f(x) Ha [a; b]. B yacTHOCTH, OTCIO/Ia BBITEKAET, UTO JH00asi HETIPepbIBHAS (PYHKIIHS
UMeeT IePBOOOPa3HYIO.
CneacrBue.  JlanHas  TeopemMa  yCTaHABIMBAET  CBSI3b  MEXKIY

HEONpEeICTICHHBIM U ONPE/IeNICHHBIM UHTErpajgaMu 1o gopmyiie

jf(x)dx=ff(t)dt+C,CeR.

Teopema 2 (popmyna Herorona — JleiiOuuna). Ilycte dynkims f(x)
HenpepbiBHa Ha otpeske [a;b] u F(x) — omna m3 ee mepBooOpasHbeix. Torma
orpeseneHHbli uHTEerpas ot ¢yHkuuu f(x) Ha orpeske [a; b] paBeH pasHOCTH

3HAaYEHUI epBOOOPA3HOM:

b
ff(x)dx = F(b) — F(a).

JlokazaTeynbCTBO.

[To ycnoButo ¢yukuus f(x) HempepbiBHa Ha OTpe3ke [a;b]u umeer
nepBooOpasuyro d(x) = f; f(t). Ilycts F(x) — mobas mpyras mepBooOpasHast
byukuuu f(x) Ha [a; b]. Tak xak mepBoobOpasusie @ (x) u F(x) oTinyaroTCs Qpyr

OT pyra NOCTOSIHHBIM CJIaraeMsIM, TO Ipu HekoTopoM C € R, C # 0, cripaBeyinBO

PaBCHCTBO



X
ff(t)dt =F(x)+C Vx € [a; b].
a

[ToacraBiisist B 3TO PaBEHCTBO 3HAYCHHE X = @, HMEEM

ff(t)dt=F(a)+C,:>0=F(a)+C,:>C=—F(a),

T. e.ff(t)dt = F(x) — F(a) Vx € [a; b].

[lonarast x = b, nomyuum

b
| Feadx = F@) 12 = FG) - Fa).m
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